Available online at www.sciencedirect.com

ScienceDirect

International Journal of

HEAT ..« MASS
TRANSFER

ELSEVIER International Journal of Heat and Mass Transfer 51 (2008) 630-639

www.elsevier.com/locate/ijhmt

Forced oscillation 1n diffusion flames near diffusive—thermal resonance

H.Y. Wang?, J.K. Bechtold®, C.K. Law **

* Department of Mechanical and Aerospace Engineering, Princeton University, Princeton, NJ 08544, USA
® Department of Mathematical Sciences, New Jersey Institute of Technology, Newark, NJ 07102, USA

Received 21 August 2006; received in revised form 29 April 2007
Available online 16 July 2007

Abstract

In this work, we carry out a systematic analysis of forced oscillation in planar diffusion flames under weak external forcing. The exter-
nal forcing is introduced by independently imposing a flow field with small amplitude fluctuations. Employing the asymptotic theory of
Cheatham and Matalon, the linear response is first examined. It is shown that when the Damkd&hler number Da is close to the critical
value Da* corresponding to the marginal state of diffusive-thermal pulsating instability, the imposed velocity fluctuation may induce very
large amplitude of flame oscillation as the frequency of velocity fluctuation ¢ approaches ¢, the flame oscillation frequency at the onset of
instability. This is a resonance phenomenon between the imposed flow oscillations and the intrinsic flame oscillations that are driven by
the diffusive—thermal instability, and hence we refer to this as the diffusive-thermal resonance. The nonlinear near-resonant response is
then examined with the Damkdhler number Da chosen to be very close to the critical Damkdhler number Da”, and we derive an
evolution equation for the amplitude of forced oscillation. Examination of the evolution equation reveals that in most situations, flames
with larger Lewis number of fuel, smaller initial mixture strength, and smaller temperature difference between the oxidant and fuel stream

are more responsive to the external forcing.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Flames in practical combustors are subjected to fluctuat-
ing flows imposed by the random motion of eddies whose
wide spectrum of length and time scales may interact with
the flames in very different ways. Since a direct study of the
flame response to flow unsteadiness in turbulent combus-
tion is rather complicated, the effect of flow unsteadiness
on laminar flames has received considerable attention for
its potential application to the fundamental understanding
and modeling of turbulent combustion through the concept
of laminar flamelets [1].

Unsteady effects on both diffusion and premixed flames
have been studied with emphasis on the dynamic response
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to oscillatory strain rate variations. In particular, results on
diffusion flames [2-14] show that the flame response
becomes more sensitive to the imposed unsteadiness when
the otherwise steady flame is near its extinction limit;
whereas the response for flames far from extinction is
attenuated monotonically as the frequency of the imposed
oscillation increases. Consequently, unsteady flames can
withstand higher strain rates at higher frequencies than at
lower frequencies. However, there have been relatively
few previous theoretical investigations. Strahle [2] studied
the convective droplet burning at a stagnation point under
the influence of small amplitude sound wave from the free
stream. Im et al. [13,14] analyzed the response of counter-
flow diffusion flames to monochromatic oscillatory strain
rates using large activation energy asymptotics, with atten-
tion focused on near extinction conditions so that the time
scale of the imposed unsteadiness is comparable to that of
diffusive transport. The results of Im et al. [13] suggest that
the unsteady characteristics of the near-extinction diffusion
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Nomenclature

A amplitude function

co frequency at the onset of intrinsic oscillation

Da Damkdohler number

Da* Damkdohler number at the onset of instability

h; excess/deficiency enthalpy for species j, j = F, O

Le; Lewis number of species j, j = F, O

R modulus of amplitude function 4

S; leakage function for species j, j = F, O

t fast time

T temperature

u response of temperature to external forcing

v response of fuel mass fraction to external
forcing

w response of oxidant mass fraction to external
forcing

Xr location of flame surface

Yr fuel mass fraction

Yo oxidant mass fraction

Greek symbols
B Zeldovich number
0 reduced Damkohler number

¢ initial mixture strength

y heat transfer parameter

0 polar angle of amplitude function 4

71, T»  slow time variables

& location of stoichiometric flame surface

Ay %g/Le§+4iLeJc, J=T,F,0

ly Ly/Le3 + diLeycy, J =T,F,0

i

iy L\/Lej + 8iLeycy, J =T,F,0

Subscripts and superscripts
basic state quantity

p particular solution to the flame responses
fuel

0] oxidant

—oo  fuel boundary

00 oxidant boundary

+ oxidant side of flame sheet

- fuel side of flame sheet

flame can be significantly different from those in the Burke—
Schumann limit.

These earlier studies, however, have not addressed the
important issue of resonance. That is, combustion systems
may exhibit intrinsic oscillation of different modes and
those oscillations may then interact with the imposed flow
oscillations so that the flame responses could be signifi-
cantly different. For example, recent studies have shown
that, when the Lewis numbers of the reactants are suffi-
ciently larger than unity, intrinsic oscillations due to the
imbalance of thermal and mass diffusions, referred to as
the thermal-diffusive pulsating instability, may develop
near but prior to extinction, leading eventually to flame
quenching [15-18]. Thus, such unstable diffusion flames
could extinguish at a larger Damkoéhler number, denoted
as the dynamic extinction Damkdéhler number, Da”, than
the static extinction Damko6hler number, Da.y;.

The primary objective of the present study is therefore
to analyze the flame response to external forcing coupled
with intrinsic flame oscillations. Specifically, we consider
the simple geometric configuration of a planar diffusion
flame situated in a channel at the interface between a fuel
being supplied from below with a velocity field with har-
monic fluctuation of small amplitude, and an oxidant dif-
fusing in from a cross-stream above. This configuration
eliminates the effect of strain rate so that the flame is only
subjected to the unsteadiness of the velocity field. Intrinsic
oscillation of the planar diffusion flame due to thermal-dif-
fusive instability is considered. The Lewis numbers for
both the fuel and oxidant are assumed to be larger than

unity and focus our attention on the flame response near
the dynamic extinction limit, Da”, instead of the static
extinction limit, Dae,y, considered in previous studies. We
carry out a systematic analysis on the linear and nonlinear
response of the flame oscillation subjected to small ampli-
tude, harmonic velocity fluctuation by employing the
asymptotic theory of Cheatham and Matalon [19]. The lin-
ear response shows that the resonance phenomena may
occur as the frequency of velocity fluctuation approaches
the intrinsic oscillation frequency when the flame is near
the stability boundary. The nonlinear near-resonant
response is then analyzed by deriving an evolution equa-
tion for the amplitude of forced oscillation. The Damkoh-
ler number Da and forced frequency ¢ are chosen to be
close to Da* and the intrinsic oscillation frequency, ¢, so
that even very weak forcing is able to induce rather large
oscillation amplitude. It is shown that by considering the
inherent nonlinearity, the flame oscillation exhibits finite
amplitude at the resonant condition.

2. Formulation

We consider the simple configuration of a planar flame in
a chamber [18,19]. As shown in Fig. 1, the fuel stream is fed
from the bottom of the chamber and the oxidant diffuses
against the fuel stream from a fast cross-stream at the top
of the chamber. We employ the asymptotic theory of Chea-
tham and Matalon [19] in which the convective—diffusive
equations for temperature and fuel and oxidant mass
fractions are solved on either side of the flame surface, x;.
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Fig. 1. The one-dimensional chambered flame configuration.

These quantities are then related across the flame using the
jump relations obtained by asymptotic analysis of the reac-
tion zone. Assuming constant physical and chemical prop-
erties of reactants, constant density, and one-step
irreversible chemical reaction, the appropriate non-dimen-
sional governing equations can be written as [19]:

or or T
Ui_i

or _ 1
a %% e Y (D
oYg Yy 1 OV

o V% o Y @)
% %,Lawof (3)
ot ox Leg ox2

where T is the temperature, Yg and Yo the mass fractions
of the fuel and oxidant, respectively, and Leg and Leg their
corresponding Lewis numbers. The unsteadiness is intro-
duced by independently imposing harmonic velocity fluctu-
ation of small amplitude onto the unity mean velocity field.
Thus, the velocity U is expressed as:

U=1+p"eH (1), @
H(t) = hexp(ict) + c.c.,
where f is the Zel’dovich number, ¢ a small parameter sat-
isfying ! < ¢ < 1, h the amplitude of velocity fluctua-
tion, ¢ the forced frequency and c.c. denotes the complex
conjugate.

The boundary conditions are:

T:Tfooy YF:17
T =T . +AT,

Yo=0 as
Yr =0,

X — —00, (5)
Yo=¢ ' at x=0, (6)

where AT is the temperature difference between the oxidant
and fuel stream, and ¢ is the initial mixture strength, de-
fined as the ratio of the fuel mass fraction at the fuel
boundary to the oxidant mass fraction at the oxidant

boundary, normalized by the mass-weighted stoichiometric
coefficient ratio.

The jump relations at the reaction sheet location, xg, are
[19]:

[T] = [Y¥] = [Yo] =0, (7)
ory{ 1 [oYg] 1 [dYo g
S ) e e )
Here we have adopted the notation [T]= T"(xp) — T (x¢)
and the superscripts “+/—" denote the solutions at the oxi-
dant/fuel sides of the reaction sheet. Expressions for the

amount of leakage of the reactants through the reaction
sheet are given as [19]:

Yl = B 'LerSe(y,0), )
Y(_) |x:xf = ﬁ_lLQOSO(y, 5)7 (10)

where the approximate formulas for the quantities Sg and
So have been determined through curve fitting and are gi-
ven in Refs. [18,19]. They depend only on two parameters y

and 6, where
or~ or~
N - 11
represents the excess of heat conducted away to one side of

the reaction sheet from the total heat generated by the
chemical reaction, and

or*
Ox

or*
Ox

xr

Xf

oT] 2 I+y , 1=y,
0= 4L€FL60D(1 |:ax:| eXp <2 hO + 2hF) (12)
is the reduced Damkohler number, which measures the
intensity of the chemical reaction, and
* * — 1 —

hy =Tf +EY;1, hy =T, Jr%YOJ

are the excess/deficiency in the fuel and oxidant enthalpies,
respectively, evaluated at the reaction sheet. Furthermore,
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Fig. 2. Amplitude of u} versus forced frequency ¢ for different values of
Da (with Legp =2, Leo =2, ¢ =1 and AT =0).
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subscript “1” denotes the O(f~") expression in a power ser-
ies expansion in terms of !

Sg and So only have solutions when ¢ > J., and for
each 6 > ¢, there exist two distinct solutions characterized
by different extents of reactant leakage (see, for example,
Fig. 2 in Ref. [18]). The critical value J. depends only on
y and was determined by Linan [20] as:

o= e{ (1= 1) = (1= 1) +0.26(1 — )" +0.05(1 — [y)* .

3. Linear response

A linear analysis is first conducted by assuming h=1
such that the velocity fluctuation is of O(f~'e) relative to
its mean value, as shown in Eq. (4). The solution under a
harmonic fluctuating velocity field (4) can be written in
the form of steady-state base solutions for temperature,
mass fractions of fuel and oxidant, and the flame sheet
location under unity flow field plus a correction term
accounting for the small velocity fluctuation:

T = Ty(x) + B eu(x, 1) (13)
YE = Yip(x) + B ev(x, 1) (14)
Yo = You(x)+ p'ew(x, 1) (15)
xp = xpp + B el (x, ) (16)

where u, v, w, and [ are the correction terms for tempera-
ture, mass fractions of fuel and oxidant, and flame sheet
location, respectively, and the base solutions 7y, YF.p,
Yo, and xgy, are respectively given by [19]:

T+ (e + AT — 1)e”
- _’_%{% (1- eL‘olf)eLf:cof(l ef)_S_O}SFeX b ox <
Tt 1+ (AT — 1)
—/1;{1 eLeF - }LeFSF, x> xy,
1 — elerG—)
Voo= ) FH{1-fm gt S et x < xq
/lj{ll :LI;:; }LeFSF, x> xy,
L eoSoetot =) x < x¢
P g e — 1+t e, x>,

1 Lep 1 — eleor
Xf,bff+<So L >7

Leo 1— eLeFﬁf F

where & corresponds to the flame surface in the Burke-
Schumann limit and is given by:

& = —Leg'In(14¢7h).

We note that the unsteady fluctuations induced by the
perturbed flow field (4) are of O(S's). The magnitude of
these terms is sufficient to elicit an O(1) response due to
the extreme sensitivity of the Arrhenius reaction rate term.

Substituting Egs. (13)—(16) into the governing Egs. (1)—(3)
for 7, Yr and Yg and their boundary conditions, jump and
leakage conditions (5)—(10) yields the governing equations
for u, v and w:

uy + uy — uy = —&(T), exp(ict) + c.c., (17)
U+ v, — Leg' v = —&(Yro), exp(ict) + c.c., (18)
w, +w, — Leg'we = —&(Y00), exp(ict) + c.c., (19)

and their boundary conditions
u=v=w=0at x=0and as x — —oo, (20)
jump relations

lu] = —Leg'[v] = —Leg' [w], (21)

Ou| = Ll _ ow
and leakage conditions
1 akSF(V 5]3) k
Les v = — 122 (5 — b)), 23
dlels =30 =L 0= 0 (23)
1 9S(7, 6) k
Leg'w™ = — (5 — 24
dheghn =3 g 6 (24

where Ty, Yro and Yo are the leading-order base solu-
tions in terms of ', dy, is the reduced Damké&hler number
evaluated at the steady-state condition and the subscript
“x” denotes differentiation with respect to x. Egs. (17)-
(19) imply that the flame oscillates under the external har-
monic driving force due to the velocity fluctuation.

The solutions to u, v and w assume the form

¢ (x,1) = ¢, (x) exp(ict) + c.c. + ¢.(x) exp(at),

¢:u7v7w7

where the particular solution ¢,(x)exp(ict) + c.c. accounts
for the response to the velocity fluctuation and the com-
mon solution ¢ (x)exp(ot) is associated with the intrinsic
instability. o is a complex number whose real part identifies
the growth rate. The Damkohler number Da of interest
here is larger than its critical value Da” corresponding to
the marginal state of intrinsic instability. Thus, the flame
is intrinsically stable so that the common solution
¢(x)exp(ot) will damp out eventually, and hereafter, only
the particular solution ¢p(x)exp(ict) + c.c. is considered. It
should be noted that uy(x), vy(x) and wy(x) are complex
functions whose modulus denote the oscillation amplitude
while the phase angle denotes the phase shift of oscillation
from the imposed velocity fluctuation. The solutions to
up(X), vp(x) and wp(x) are

Byexp[(1/2+Ar)x]+L(e” T + AT —1)e*, x<x;
By{exp[(1/2+ Ar)x] —exp[(1/2 = Ar)x]}
+L(AT —1){e* —exp[(1/2 = Ar)x]}, x>xr,

| Crexpl(Ler/2+ Ag)a] —{Lepetert—r),
ol _{Cz{exp[(LeF/Z—l—AF)x]—exp[(LeF/Z—AF)x]}, x> xp,

up(x) =

x <Xt
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Dyexp[(Leo/2+4 Ao)x], x <x¢
Dy{exp[(Leo/2+ Ao)x] —exp[(Leo/2 — Ao)x]}
+i(1+ ¢ ") Leo{ero* —exp[(Leo/2 — Ao)x]}, x> xr,

wp(x) =

where

1
A= Ey/Leﬁ +4iLeye, J=T,F,0

with Ler= 1. The constants B;, B,,C,,C,,D, and D, are
obtained by applying the jump and leakage conditions
(21)—(24), which yield the inhomogeneous linear system

i 1 -1 Leg1 —Le;1 0 0 ]
1 -1 0 0 Leg'  —Leg)
FT %7/\7‘ FF %7L€;1AF 0 0
Fr 1—Ar 0 0 Fo 1-Ley'Ao
YiLepbr FLepby Sibp—1 0 0 SrEhg
_];}.LEObO ]-;’.Leobo 1;/267(;2)0 0 0 %bo -1 i
_u; - 0 7
u, 0
U+
x| P =L (25)
UI’ C qy
Wy
LWy | LY |
where
1
FJ:——+L€;]AJCOth(A‘/éf), J:T,F,O,

2

g3 = (1/2 = Ap)[1 + (AT — 1)e] — (AT — 1)e¥

x [1/2 = Ay coth(Ar&y)]

— (AT — 1)Az[1 + coth(Aré&;)]

x exp|(1/2 — Ar)&] — (1/2 — Lep' Ag)Ler,
gs = (1/2 = Ap)[1 + (AT — 1)e¥] — (AT — 1)e*[1/2 — Ay coth(Ar&;)]

— (AT — 1)A7[1 + coth(Aré)] exp[(1/2 — Ar)&]

— (1 + ¢ "Leo[1/2 — Leg' Ao coth(Ap &) Jeteost

— (14 ¢ o[l + coth(u&r)] expl(Leo /2 — po)&rl,

and ul,u;, v}, v, , wy and w, are the values of uy, v, and wy,
at the oxidant and fuel sides of the flame sheet, respectively.
The coefficient matrix in (25) depends on the four pre-
scribed parameters Leg,Leo,¢ and AT defining the
combustion system, the imposed frequency ¢, and the
Damkohler number Da. The amplitude and phase shift of
forced oscillations for 7, Yy and Yo at both sides of the
flame sheet can be obtained from u; sy ,v;j , 0, ,w;j and
w, by solving Eq. (25). However, under certain Damkohler
numbers and forced frequencies, the determinant of the
coefficient matrix in Eq. (25) could be zero, leading to infi-
nitely large values of u, u_,v;, vy, wy and w,, i.e. infinitely
large amplitude of flame oscillations even under an O(¢)
weak forcing. This implies that resonance occurs under
such an external forcing. The linear stability analysis per-
formed by Kukuck and Matalon [18] for the intrinsic oscil-

lation of the same flame yields a homogeneous linear

system with the same coefficient matrix. The solvability
condition, vanishing of the determinant of the coefficient
matrix, produced the critical frequency and Damkdohler
number, ¢y and Da”, corresponding to the marginally stable
state. Thus, the imposed frequency and Damkd&hler num-
ber at resonance are identical to those at the onset of intrin-
sic oscillation, and hence the resonance occurs between the
external forcing and intrinsic oscillation of the flame. Con-
sequently, two conditions are required for the resonance of
diffusion flame to occur: the flame is close to the stability
boundary, i.e., Da — Da”", and the imposed frequency ¢ ap-
proaches the critical frequency c.

The inhomogeneous system (25) gives the dependence of
the amplitude and phase shifts of forced oscillation on the
imposed frequency ¢ and the Damkdéhler number Da.
Fig. 2 shows the amplitude of ug versus the imposed fre-
quency c for different values of Da. It is seen that when
the flame is at the instability boundary, i.e. Da = Da”, the
imposed velocity fluctuation induces infinitely large flame
oscillations, i.e. resonance, as ¢ approaches ¢y. For Da
sufficiently larger than Da”, the oscillation amplitude
decreases monotonically with increasing ¢, while for Da
close enough to Da*, the oscillation amplitude peaks at
the frequency close to but smaller than the natural fre-
quency co. This differs from previous investigations that
predicted only the monotonic attenuation of forced oscilla-
tion with the increase of the imposed frequency. Now we
know that this monotonic dependence holds only when
the flame is sufficiently away from the unstable state so that
the resonance between the external forcing and intrinsic
oscillation of flame does not occur. Fig. 3 shows variations
of the phase shifts of u; Uy ,v; ;0 ,w; and w, with the
Damkohler number Da for ¢ = ¢. It is seen that the oscil-
lation of reactant leakages v; and w, are always in phase.
As Da approaches Da”, i.e. the flame approaches the reso-
nance condition, temperature oscillations on both sides of
the flame sheet, u; and Uy, become in phase and the oscil-
lations of the mass fractions of fuel and oxidant on both

T F—
vl)’ Wf‘
n/2 ] w,
%)
£ 01 _
< u,
w
® ut
j Y .
o
vy
-
-3n/2 . r
0.0 0.5 1.0 1.5

Da Da

Fig. 3. Phase shifts of u;, uy, v;, v;,w; and w, versus Da with ¢ = ¢.
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sides of the flame sheet, u; Uy ,w and W, become in phase
as well. The phase difference between the oscillations of
temperature, u and u;, and mass fractions, v}, v, ,w;
and w,, is  when the flame is at resonance, indicating they
are out of phase. This is because higher flame temperatures

lead to less reactant leakages, and vice versa.
4. Nonlinear response

The preceding analysis predicts infinite oscillation
amplitude at the resonant frequency. However, the ampli-
tude is expected to be limited by the inherent nonlinearities
in the problem. Here we derive an evolution equation for
the amplitude of forced oscillation near resonance. We
adopt the scalings:

h= )
(Da — Da*)/Da* = &, (26)

(c —cy)/co = we?,

so that the flame oscillation exhibits a weakly nonlinear
characteristic and a long time transient behavior. Thus
we introduce the “slow time” variables

T =¢&, T,= 82t,

associated with the long time transient behavior. The veloc-
ity fluctuation H(¢) can be rewritten as

H(t) = & exp(icot) + c.c.,

where 1 =1 + w1,.
We expand the variables u,, v, and w, in a power series
in &,

o0

E um b} Um ) Wm )

m=0

up,vp,wp

and expand the governing equations, boundary, jump
and leakage conditions for u, v and w (17)—-(24) in terms
of &. We obtain a system of equations to be solved at each
order:

Uy ox? ox ot P
— | 2 2 a o —
L| v, = ﬁ Leg M — Lep < =149 | (27)
2.
Wy, Ga)v:zm _ Leo aum Leo f‘wm I

with the boundary conditions:
Uy =Vy =W, =0 atx=0 and as x — —oo, (28)

jump conditions:

[tn] = —Leg ' [vn] = —Leg [Wal, (29)
au ) ow,
T L —1 Fm — _ L —1 Zm

(30)

and leakage conditions:

1— 1+ _
I—y I +vy Lepbp\ _
+ ( 5 br — 1> ( Leo > W, = OFm, (31)
1— 1+
( D /Leobo) u; < Leob())
1 —9y Leoh 1+
n yLeobol v Lbo —1)w =oom (32)
2 m 2 m
where m = 0,1,2,... and
aS;(», 6)

LeF
oy,

b.f = 5; ] = F7 07
with J; being the critical reduced Damkéhler number at the
marginally stable state. Note that the only non-linearity
arises in the leakage conditions (31) and (32) from the non-
linear chemical kinetics.

At leading order m =0, py= qo=ro= dpo = %oo =0,
and we recover the homogeneous linear problem, such that
the solutions are given as

(o, v W)_{A(rhm)(bj(x)exp(ico
OV A1, 1)@ (x) explico

7) +c.c.,
7) 4 c.c.,

x < Xxr,
X > Xr,
(33)

where J = T, F, O corresponds to the solutions of uy, vy and
wy, respectively, and

@} (x) = C; exp[(Les/2 + As)x],
®; (x) = C; {expl(Le; /2 + As)x] — expl(Le; /2 — As)x]},

1
Ay = E\/Lei + 4iLe;cy.

The constants C; are determined by the linear system (A1)
given in the appendix of Ref. [21], derived from relating the
solutions of ug, vy and wq through the jump and leakage
conditions. The amplitude function A(t;,7,), which is a
function of the slow time variables, t; and t,, is determined
by going to higher orders in our scheme. This procedure is
the same as that in Ref. [21] and hence will not be repeated
here. At each order, solutions exist only if appropriate solv-
ability conditions are satisfied. The solvability condition
for u;, v; and w; yields 04/9t; = 0. Thus, the amplitude
function A is actually only a function of the slow time var-
iable 1,.

At O(¢%), the inhomogeneous terms in Egs. (27),(31) and
(32) are:

= (4" +icowA)$pr + (To),,
¢y = Lep(A' + icowd) pp + (Yrp),,
= Leo(A, + iC()(i)A)(]So + (YO,O)xv

op = aj2,3A3 exp(3icot) + (ijz’QA |A‘2 + GCJ'ZJA) exp(icot) +c.c.,
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where the prime of 4 denotes differentiation with respect to
T2,

%1 =sbj1 F (D),
Opr=bu(F(DP)F(Q) +F(D)F(®)) + bpF(D)|F (D) \2,

S =

as
- 5
o { GhN o5

S
5y 0S,(7,8y) | 36, O°S,(,8,) | 8y 0°S,(7, )
bp=—Lejq o} — = :

1
%23 =bjF(D)F(O) +3b,F (),
1= (15— Ler i + 57 ke ot o
5,0:93) | 5208, W)}
2 0% 2o 2 oo

; (x)=Dj expl(Le; /24 p,)x],

; (x) =D {exp|(Le;/2+ p,)x| —exp((Les /24 p;)x]},

— ):B;eLQ/X,
Qj x)=B;(1 —eler),

1
I ZE\/Leﬁ—i—SiLejco,

and the function F(®) is defined as
1 + 1+ _
D6 (Sr)}

O (&)}

and the overbar designates the complex conjugate. The
constants B and D are determined by the linear systems
(A3) and (A4), respectively, given in the appendix of [21].
Applying the solvability condition at this order yields

A+ (soy + icow)A + 02 A|A)* + a3 = 0, (34)

F(®) = —{D; (&) + Leg'

1
+ 5O (&) + Le!

where the coefficients are given by

oo 020 %30
=, =, 0=,
oo oo oy
[ _ _
2o — / (@, by + LerPr oy + Leo Ty dx
/ [Froh + Ler Bt + Leo o) d,
_ 1-— A bF dq"]: 1-— Y 1 d?o
“1“*{<2y Leobo+l>[dx}+<21 Ler ) | dx | J7!
1+" Le}b} d?k _l l—yb -1 1 d?o «
2y Leobo Tdx 1 F Leobo | dx o1
o y d“I”F d“I”Q u
0= 2 Leobo Tdx 2/ Lek F22
JF Y LerF d\PF ! -1 d\PO «
2 Leo bo Leo bo 0225

o3 = / ¥, (

/ (PHT)). + Ler P (V) + LeoPo(Y b)),
Jé&

¥, (x)
¥ (x)

—Le; /2 + Z,)x]
= Ef{exp[(—Le; /2 + 7;)x] — exp[(—Le; /2 — 2;)x]},

= E; exp|(

and the constants E; are determined by the linear system
(A2) given in the appendix of [21].

Note that the amplitude function A4 is complex and
hence includes the information of both amplitude and
phase. We construct solutions by first writing the ampli-
tude function A4 in the polar form and separating o, o;,
and 3 into their real and imaginary parts:

A = R(r2) exp[if(2)],

35
o = oy, + 1oy, (33)

Oy = O + 100, 03 = 03, + 103;,

where R is the amplitude and 6 the polar angle indicating
phase shift. The complex evolution Eq. (33) can now be ex-
pressed as two real equations, for the amplitude and the
phase shift:

R' + say,R + 05, R® + 03, c08 0 + 03, 8in 0 = 0, (36)
RO + (so; + com)R + oaR® + o13,c08 0 — 03, 5in 0 = 0. (37)

We note that the evolution Eqgs. (34) or (36) and (37) have a
similar form as those describing nonlinear oscillators, e.g.
the Van der Pol oscillator, under weak damping and forc-
ing [22]. A simple comparison of these systems shows that
the term so; in Egs. (34) and (36), which quantifies the devi-
ation of Da from Da”, plays the role of damping for the
forced flame oscillation.

Here, we study the steady-state solutions of Egs. (36)
and (37) in order to assess the final amplitude and phase
of the forced flame oscillation under external forcing. Com-
bining the steady-state forms of Eqs. (36) and (37) yields
the following cubic equation for R?.

Z[S(alraZr + 0511'0521') + cowoczi]

R() + : R4
|ota
2 2 3
(sou,)” + (soc;, +ow)” IO<3|2 _0 (38)
|02 |tz |

Eq. (38) will possess three real and positive solutions when-
ever the following inequality is satisfied:

0;

> V3. (39)

0578

It has a single real solution otherwise. We now consider the
dependence of o, on the four prescribed parameters,
Ler,Leg, ¢ and AT. In Fig. 4 we plot its variations with
each prescribed parameter to determine conditions (if
any) for which the inequality in (39) is satisfied, which
would indicate multiplicity of solutions. The green lines
in each figure show the transition boundary at which
|oa; /o, | = V3. As seen in Fig. 4, we have found that for
a wide range of realistic parameter values, all curves lie
to the left of the transition boundary, indicating that solu-
tions to (36) and (37) are single valued.

We now investigate the sensitivity of flames to the
imposed velocity fluctuations under different prescribed
parameters through this single-valued solution. Fig. 5
shows variation of the amplitude of forced oscillation, R,
with the normalized frequency w, defined in Eq. (26), for
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Fig. 4. Variations of a, (a) with Leg for different ¢ with Leg =2 and
AT =0, (b) with Leg for different ¢ with Lep =2 and AT = 0, and (c¢) with
¢ for different AT with Ler = Leg = 2.

Da =Da*,Ler =2,Leg =2, =1 and AT=0. It is seen
that the dependence of R on the imposed frequency shows
similar behavior as those in Fig. 2 for Da slightly larger
than Da”, in that it peaks at the frequency close to but
slightly smaller than the intrinsic flame oscillation fre-
quency c¢o. The finite amplitude of forced oscillation at

0.040

0.035+

0.030+

Oscillation Amplitude

0.025 r T T
-0.4 -0.2 0.0 0.2 0.4

[0

Fig. 5. Variation of oscillation amplitude R with the normalized imposed
frequency for Da = Da” (with Lep =2, Leg =2, ¢ = 1 and AT = 0).

the resonance condition, i.e. Da = Da™ and ¢ = ¢y, is due
to the nonlinear effects considered through the nonlinear
analysis. We hence can plot the dependence of this peak
amplitude, R..., on the system parameters such as Ler,
Leo, ¢ and AT to examine at what conditions the flame
is able to achieve the largest R, and hence is most
responsive to the external forcing. Since the maximum
amplitude of forced oscillation is achieved under the small-
est damping, R, can be solved from Eq. (38) by setting
the damping effect s =0, as Ry.x = (ac3/oc2,)1/ 3. which can
be derived to occur at the normalized frequency
= — ay; (a3/aa,)?>. Thus, due to the nonlinearity, the
flame oscillates with the maximum amplitude at the im-
posed frequency not necessarily equal to the natural fre-
quency, ¢o. Whether the maximum amplitude, R .., occurs
at the frequency smaller or larger than ¢, depends on the
sign of ay;, which in turn depends on the prescribed param-
eters. The peaking of the curves at ¢ < ¢y shown in Figs. 2
and 5 is due to the parameters we have used,
Ler =2,Leg =2,¢p =1 and AT =0 that yield a positive
;. Fig. 6 shows variations of R, with Leg for different
values of ¢. It is seen that except for ¢ = 1, Ry« increases
monotonically with Leg. In fact, R, peaks at a much lar-
ger Leg, e.g. Ler = 14.4 for ¢p = 3, which is out of the range
of this plot. Since for most hydrocarbon-air diffusion
flames ¢ > 1 and fuels with such large Lewis number are
rare, it can be considered that R, increases with Leg
monotonically. Thus, in general the flame is more sensitive
to the external forcing for larger Leg. Fig. 7 shows varia-
tions of R.x with Leg for different values of ¢. It is seen
that for ¢ > 1 most of the R, ~ Leg curves peak within
the range of 1 < Lep <2, which is a more practical range
for the oxidant. Thus, flames with Leg falling in this range
are most responsive to the external forcing. Furthermore, it
is seen from Figs. 6 and 7 that except for smaller Leg where
Rinax 18 NOt sensitive to ¢, R,.x decreases with increasing ¢
over most of the parameter range for Ler and Leg. Fig. 8
shows the variations of R, with ¢ for different values of
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Fig. 6. Variations of the maximum oscillation amplitude R, with Leg
for different ¢ (with Leg =2 and AT = 0).
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Fig. 7. Variations of the maximum oscillation amplitude Ry,.x with Leg
for different ¢ (with Ler =2 and AT = 0).
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Fig. 8. Variations of the maximum oscillation amplitude R,,,x With ¢ for
different AT (with Ler =2 and Leg = 2).

AT. It is seen that R, decreases monotonically with
increasing ¢ over most of its range except for larger AT
and small ¢, under which R, increases with increasing
¢ over a very narrow range of ¢. Thus, flames with smaller
¢, in general, are more responsive to the external forcing.

5. Conclusions

The response of flame oscillations to external velocity
fluctuations of small amplitude is examined. An analysis
on the linear response is first conducted and the results show
that when the flame is near the boundary of thermal-diffu-
sive pulsating instability, the velocity fluctuation may
induce resonance as the fluctuation frequency approaches
the natural frequency of the intrinsic oscillation. Thus, the
amplitude—frequency response curve exhibits a peak around
the natural frequency. Monotonic dependence of the oscil-
lation amplitude on the forced frequency holds only when
the flame is sufficiently away from resonance. A nonlinear
near-resonant response is then conducted to study the
effects of inherent nonlinearities on the response of flame
oscillation by deriving an evolution equation for the ampli-
tude of forced oscillation. Examination of the derived evo-
lution equation reveals that, in most situations, flames with
larger Leg, smaller ¢ and AT, and 1< Leg <2 have the
largest oscillation amplitude at resonance. Thus, these
flames are most responsive to the external forcing.
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